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Abstract.  In this article we define and compute an index for a holomorphic vector 
field on a (possibly singular) subvariety of a complex manifold, provided the subvariety 
is a local complete intersection. This index reduces to the usual Poincar6-Hopf index 
in case the subvariety is smooth, and is equal more generally to the index defined in 
[GSV] and [SS]. 

1. Introduction 

In [GSV], X. Gomez-Mont, J. Seade and A. Verjovsky defined a "topo- 

logical" index Indm0 (X, V) for a holomorphic vector field X on a complex 

hypersurface V with an isolated singularity m0 in a complex manifold 

W, generalizing the usual Poincar6-Hopf index of the smooth case (see 

also C. Bonatt i  and X. Gomez-Mont [BG]). In [G], X. Gomez-Mont 

defined a "homological" index in the similar situation when V is a sub- 

variety of arbitrary codimension in W, and proved that  it coincides with 

the previous one when the variety is a hypersurface, providing a com- 

putat ion of it in terms of local algebra. In [SS], J. Seade and the third 

author gave a formula for computing a similar index by desingulariza- 

tion, for higher codimensional V which are complete intersections. 

We define here another index (call it "differential" index), also in 

arbitrary codimension, by means of an integral formula and prove that  

this differential index still coincides with the previous one. In fact, we 

define more generally the "residues" of a holomorphie vector field on 

a singular V, which is a local complete intersection, generalizing the 

formula of [BB1] and [BB2] expressing, when V is smooth, the residues 
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(including the Poincar6-Hopf index) as Grothendieck residues. 

More precisely, we get the following result. Let X be a holomorphic 

vector field on a complex manifold W of complex dimension n, tangent  

to a (possibly singular) subvariety V of complex dimension p. We shall 

assume furthermore tha t  V is a "strong" local complete intersection 

(SLCI), which signifies (see [LS] section 2) in particular tha t  the normal 

bundle to the regular part  of V in W has a C ~ extension ~v to some 

open neighborhood U of V in W (the restriction of which to V, denoted 

by v v ,  being natural).  Note that  smooth subvarieties (submanifolds), 

hypersurfaces and complete intersections are all SLCI's. Let m0 be an 

isolated point of Sing(X) N V, UO a neighborhood of m 0 in W and 

f = ( f l , . . .  , f q ) : U o  --+ C q ,  q = rt - p ,  

a holomorphic map such tha t  V N U0 = f - l (0 ) ,  the ideal generated by 

the components f~ being assumed to be reduced. Let C be the q x q 

matr ix  with holomorphic coefficients such tha t  X �9 f = (C, f}. Assume 

that  (Zl , . . .  , zn) is a system of complex coordinates on U0 such that ,  

when we write X as 
n 0 

i = 1  

the sequence (A1, . . .  , A n - q ,  f l , . . .  , fq)  is regular, thus the n - q open 

sets Ai r O(1 _< i < n - 1) cover completely (V n U0) - m0 (such a 

coordinate system always exists, see Theorem 2 of [LS]). 

Let J denote the jacobian matr ix  

D ( A 1 , .  . . , A n )  

D ( z l , .  . . , zn )  

We also denote by [ c ( - J )  �9 c ( - C ) - l ] k  the holomorphic function given as 

the coefficient of t k in the  formal power series expansion of 

- 1  

in t, where In  and Iq denote the identity matrices of sizes n and q. Then  

we have 
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Th e or e m 1. Define the index Indv,.~o (X) of X (on V)  at mo by 

f [ c ( - J ) '  e ( - c ) - l ] n _ q d z l  A . . .  A dzn-q 
Indv, m0 (X) J. n - q  

I-I Ai 
i = l  

where R denotes the set {f = 0, [Ai[ = c, 1 < i < n - q}, for some small 

c > O, the real hypersurfaces jail = e being assumed to be in general 

position and R being oriented so that 

d(arg A1) A d(arg A2) A . . .  A d(argAn_q) 

is positive. Then 

(i) The above integral is an integer, in fact it coincides with the topo- 

logical index o f /GSV]  and [SS]. 

(ii) If  V is compact and if all points ms  of Sing(X) ~ V are isolated, then 

the sum ~ a  Indv, m~(X) is equal to the Chern number 

(c~_q(T(W)lv_~v), V) 

of the virtual bundle [T(W)[v_~v ] tangent to V, uv denoting the 

natural extension to V of the normal bundle to the regular part of V 

in W.  

Index  for a "non-degenerate" vector field 

We further assume that, in terms of the above coordinate system 

(Zl,. . .  ,Zn), the functions A1,. . .  ,An_q depend only on (zl , . . .  ,Z~-q) 
and that 

D(A1, . . .  ,An_q) 
det Jn_q(mo) r O, Jn-q = D ( z l , . . .  ,Zn-q) 

Thus we have dA1 A . . .  A d A n _ q  = det J n _ q d z  I A . . . A d z n _ q  and we may 

choose (A1,...  , An-q, Z n _ q §  , Zn) as a coordinate system near m0. 

Denote by (A1,... ,An-q), (A1,... ,A~_q+l,...  ,A~) and (Pl , . . .  ,Pq) the 
eigenvalues of J n _ q ( m O )  , J ( m o )  and C(mo), respectively. Note that 
A1,... , A~_q are all non-zero, while some of/~n-q+l, . . .  , ) ~ n , / ~ 1 , ' ' '  , r 

may be zero. Setting 
n q 

PJ(Xl , . . .  , X n ) :  H ( 1  +xi) ,  PC(Y1,.. .  , Y q ) :  H ( I  +yj),  
i=1 j=l  
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we denote by 
P j ( x l , . . .  ,_Xn) 1 
PC(Yl, , Yn) k 

the homogeneous component  of degree k (with respect to the n + q 

variables (Xl , . . .  , Xn, Y l , . .  �9 , Yq)) in the quotient 

P J ( X I , .  . .  , X n )  

Pc(Yl ,  . . . , yn) . 

Then, if V is represented as an g-fold covering of the ( A1 , . . .  , An -q )  

space, the integral in Theorem 1 is computed as 

,j(A1, : An) ] g 
Indv'm~ = P- -~I ]  : '#q)Jn-q  n - q  

1-I )~i 
i=1 

Especially, for q = 1 (V: hypersurface),  we get 

Indv'm~ = ~1 /~ i -  1-I ( A i -  #i) n-1  
i--1 l-[ /~i 

i = I  

The proof of Theorem 1 is done in two steps; first extending Theorem 

1' of [LS] to virtual bundles (in particular to T ( W ) I v _ ~ v ) ,  whose re- 

striction to the regular part  of V admit  a natural  action of X, and then 

proving, by means of "smoothing", tha t  the residue corresponding to 

Cn_q is equal to the topological index of [GSV] and [SS]. On the way, 

we shall get similar residues for an arbi t rary characteristic class of this 

virtual tangent  bundle, in dimension 2(n - q), see Theorem 2 below. 

2. E x t e n s i o n  o f  Bott  res idues  to virtual b u n d l e s  

on  s ingular varieties 
In this section, we sketch briefly how to extend Theorem 1' of [LS] to the 

case of virtual bundles. Let us just  remark tha t  the situation tha t  we 

are going to s tudy is not the same as for the residues of virtual bundles 

considered by Baum and Bott  in [BB1] and [BB2]; first, the base space 

V of the bundles may be here a singular variety and secondly each 

component  of the virtual bundles tha t  we have in mind here is equipped 

with an action of a holomorphic vector field (in a sense precised below, 
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in the spirit of Bott [BB2]), which was not true in general for the virtual 

normal bundle associated to a singular foliation as defined by Baum and 

Bott (except when the bundle tangent to the singular foliation could be 

extended as a trivial bundle).  

Let W be a complex manifold of complex dimension n and V an an- 

alytic subvariety (not necessarily everywhere smooth) of W of complex 

dimension p. Also, let X be a hotomorphic vector field (with singulari- 

ties) on the regular part  of V and write ~ = Sing(X) U Sing(K). (Recall 

that  a singular point of X is either a point where X is not defined or a 

point where it vanishes.) 

A complex vector bundle E ~ V will be said an "X-bundle", if 

(i) The restriction of E to the regular part  of V is holomorphic, 

(ii) the restriction of E to V - E is equipped with an X action (in the 

sense of Bot t  [B2]), i.e., a C-linear endomorphism Ox of the space 

of C ~ sections of E ly_r ,  such that  Ox(cr) is holomorphic for any 

holomorphic section a, and that  Ox (ucr) = (X.  u)cr + u0x(cr), for any 

function u and a section or, 

(iii) either V is smooth,  or there exists a C ~ e x t e n s i o n / )  of the bundle 

E to some open neighbourhood U of V in W. 

Let (E, 0x) be an X-bundle  and co a connexion on EIv_  E. Such 

a connection will be said special relative to 0x, if its derivation law V 

satisfies: 

{ V x ~  = Oxcr for every C ~ section 0 of Ely_E, 

V z ~  = 0 for every vector Z E T 0'1 (V - E) 

and every holomorphic section cr of E l v _ ~  

It is well known, after Bott [B2], that such a connection always exists. 

We shall make use of the notation A~ for the Chern-W'eil homo- 

morphism defined by a connection w and denote by A~0~1...~r (~) Bott's 

operator for iterated differences ([B3]) so that 

T 

d (3 Aa j0a ;1 . . .~  r = ~(--1)JA~o...@...~ r. 
j=0 
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In particular we have 

d o A ~ ,  = Aw, - Aw. 

Let (E, Ox) and (E', 0 ) )  be two X-bundles  on V of respective ranks 

r and r'. Let ~ E (lR[cl,. . .  , c~]) 2k and ~' E (R[c l , . . .  , c~,]) 2k' be Chern 

polynomials of respective degrees k and U, defining therefore character- 

istic classes of dimension 2k for E (resp. 2k' for E'). 

Lemma 1 (Relative vanishing lemma). If k + k' is equal to the complex 

dimension p of V, and if w l , . . .  ,ws any s >_ O, (resp. w~l,... ,Ws, , '  

any s' >_ O, s + s' >>_ 1), denotes a family of connections on EIv-r 
(resp. E'[v_E) all special relative to the same Ox (resp. O'x, X being 

the same), then we have 

A~l...~s (~p) A A ~ [ . . .  w~s,((p ') = O. 

The proof is an obvious generalization of the "absolute vanishing 

lemma": this is the name that we shall give to the particular case k = p 

where/~t does not occur. (See [B2]). 

This lemma has in particular for corollary that, for k + U = p, the 

product ~(E) ~ F~(E') of characteristic classes vanishes over V- E. We 

shall now prove that this product "localizes" near E, in the sense that 

it has a natural lift to H2p(V, V - E) (giving rise to residues in H0(E ) 

by duality when E is compact). 

Let E 0 be a union of connected components of E and Uo an open 

neighborhood of E 0 in W, not intersecting E -- E 0. We assume that 

E 0 is compact and let T be a compact (real) manifold of dimension 

2n with boundary in Uo such that E 0 is in the interior of T and that 

the boundary 07" is transverse to V - E 0. We write 7" = ~" N V and 

0 T  = 0 T  N V. 

Let w 0 be an arbitrary connection on /~Iu0 (or on EIUon V if V is 

smooth), and w a connection on EIuonV_Eo special for Ox. Define also 

w~ and w ~ similarly for (E ~,0)). We still assume k+ U = p (same 

notation as for Lemma i). 

Bol. Soc. Bras. Mat., Vol. 26, N. 2, 1995 



ON THE INDEX OF A HOLOMORPHIC VECTOR FIELD TANGENT TO... 189 

Lemma 2 (Lemma of relative residues). If we define 

 So(Z, z', Ox, o'x) 

as being equal to 

A~(@ l) A ~ ( ~ ' )  A ~ , ( ~ ' ) ] ,  

then 

(i) This number does not depend on the choices of T ,  ~, c~o, a/, and 

a~ o . 
(ii) Assume V to be compact and let (E~)~ be the partit ion of E into con- 

nected components. Then, the number Z a  I2~(E ,  El, ~, ~,, Ox, 0~ ) 

is equal to the evaluation (~(E) U p'(El) ,  V} of ~(E)  U Fl(E') on the 

fundamental  class [V] of V.  In particular, it depends only on V,  E,  

E I, ~ and ~l, but not on X ,  Ox and 0' X.  

Assume furthermore that ~ and ~' have integral coefficients with 

respect to the Chern classes of E and E' .  The previous sum is then 

an integer. 

Making use of Lemma 1 above, Lemma 2 is an easy generalization 

of Proposition 2 in [LS] (corresponding to the absolute case, V being 

singular). For k = p and ~' = 1, i.e. in the absolute case, we shall write 

IEo ( E , ~ , O x ) instead of IEo ( E , E I, % 1, O x , O'x ) . 

As usual, denoting by e(E) and e(E') the total  Chern classes of E 

and E l, we define the Chern classes c j (E - E') of the virtual bundle 

E - E'  as being equal to the homogeneous components of the formal 

expansion of c(E) �9 (c(E')) -1. So we may also define the Chern number 

of ~/l(E -- E l) as the sum of numbers of the form (qo(E) U ~l(E/), V}, 

where k + k I = p, hence the definition of I2~(E ,  E l, ~", Ox, O'x). 

If V is smooth and if there exists an exact sequence of holomorphic 

vector bundles 

0 --~ E"  -~ E --+ E l --~ 0 

on V, then the Chern numbers of E"  and those of E - E '  are obviously 

the same. Assume fur thermore tha t  E t' is also an X-bundle  with action 

0~(. If 0~( is equal to the restriction of Ox to the sections of E"  and if 

(iii) 
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0~( is defined from ON by passing to the quotient, it is then less obvious, 

but true, that the residues of E" and those of E - E' are also the same: 

Lemma 3 (Lemma o f  residues for Whitney sums).  We have 

I /E"  = ' ' ' ~c~[ ,~p",O~) ~ IE~(E,E,g)j,?)j,Ox, Ox) , 
J 

where ~" E (R[e l , . . .  , c~,,]) 2p is a Chern polynomial of degree p giving 

rise to a Chern number of E", r" = r -  r' denotes the rank of E' ,  while 

~ j  p j . ~ j  denotes the image of ~" by the morphism 

<',,1 x h ,  . . . ,  e R [ c i ,  . . . ,  

generated by the map 

1 + c~ + ' "  + el. P-~ (1 + c I + . . .  + Or)" (1 + c] + " .  + C'r,) -1 

(with the terms of degree greater than n truncated). 

In fact, the lemma is proved by taking connections cS, c~ and c~' 

on E ' ,  E and E' ,  respectively, away from Es so that  they  are special 

relative to 0~:, Ox and 0 ) ,  respectively, and that  the family (co", c~,a/) 

is compatible with the above exact sequence ([BB2] Definition (4.16)). 

The existence of such a family of connections is not difficult to see. 

We will now generalize Theorem 1' of [LS] to the case of virtual 

bundles. We denote by E and (Es)c~, respectively, the singular set E = 

Sing(X) O Sing(V) and its connected components,  as before. 

Assume that  Es is compact and let Us be an open neighbourhood 

of E~ in W such that  Vs - E~ is in the regular part  of V, Vc~ = V (~ Us. 

Let ~% be a compact  real manifold of dimension 2n with boundary  in 

Us such that Es is in the interior of Ts and that the boundary O:T~ is 

transverse to V - E. We write ~ = Tan V and 0~ = cq~ s N V. 

We assume furthermore that we may take Ua small enough so that 

(i) it is included in the domain of a local ho]omorphic chart (Zl,... , zn) 
of W, 

(ii) (the ex tens ions / )  a n d / ) '  of) the X-bundles  E and E '  of Lemmas 1 

and 2 above are trivial on U~. 
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We write 
n 0 

XIVa : Z Ai(z l , " "  ,Zn) Oz~" 
i : l  

Denote by Fi(1 _< i _< n) the open set of points m in OTs such that 

Ai(m) r O. These open sets !2i constitute an open covering ]2 of O:T~. 

Let N be any subcovering of V (for instance F itself; see also Theorem 

2 in [LS]). We will denote by (Ri), (i < i _< n) any sistem of "honey- 

comb cells" adapted to this covering L/(see the definition in [L], section 

1, under the name of "syst~me d'alv6oles ') .  For instance, if the real 

hypersurfaces JAil = ]Aj](i ~ j) in Us are in general position, we may 

take for Ri the cell defined by: iAil > IAjl for all j ,  j ~ i, )23 E U. 

Denote by Y~(U) the set of p - 1 simplices in the "nerve" of U, i.e., 

the set of all p-multiindices u = (1 < Ul < u2 < ' "  < up < n) such that  

A~=I ~uj is not empty. For any u E Y%~(~), define 

P 

R~ = R~1~2...~ p = N R~j, 
j = l  

oriented as in section 1 of [L]. 

Let %o E (R[c l , . . .  ,c,]) 2k and ~ E (IR[Cl,... ,c,,] 2k' be polynomials 

with k + U = p as in Lemmas 1 and 2 above. Taking a trivialization 

(crl , . . .  , a , )  of Elvs,  we define the matr ix M~ with holomorphic coef- 
M b fieients ( s)~: Vs - Es ~ C by 0x0(aa) = Y]b(Ms)bacrb �9 We define the 

matr ix M~ similarly for E'. Then we have the following. 

Theorem 2. 

I. s( E, E', OK, o'x) = 

[~] Z f ~(Ms)~ ' (M;)dZul  A dzu 2 A... A dzup (-1) 
M u P 

ucM(u) I] Auj 
j = l  

We shall omit the proof, which is just  a generalization of the proof 

of Theorem 1' in [LS], corresponding to the absolute case (k = p). 

In particular, assume Es consists of an isolated point m s  in V and 

that ,  near ma,  X is the restriction of a holomorphic vector field 5f 

defined on a neighborhood of m s  in W. Then, after Theorem 2 of [LS], 

we have 
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Lemma 4. There exists a local holornorphic chart ( Z l , . . .  , Zn) near m s  

in W ,  such that the sequence ( A 1 , . . . , A n - q ,  f l , . . . , f q )  is regular and 

hence 1)1,122,... , 12p cover OTa(p = dime V), where X is expressed as 

0 
A i ( z l , . . .  , z~) Ozi 

i=1 

and ( f l , . . .  , fq) denotes a system of definin9 funct ions of V near m s .  

Coronary. For a covering lg as in Lemma 4, 

Imp(E,  E',  ~, ~', Ox, O'x) = [_  
~( Ma)qJ ( M~dz l  A dz2 A . . .  A dzp 

p 
J H  rI Ai 

i=1 

where 

R = {zll&(z)l = ~, fa(z)  = o, i = 1 , . . .  ,p, )~ = 1 , . . .  ,q}, 

which is oriented so that the form dOi A. . .AdOp is positive, Oi = arg Ai(z).  

3. The Poincar6-Hopf index for vector fields 
on singular varieties 
Let us apply the results of section 2 above, taking as E the restriction 

T(W)Iv to V of the complex tangent bundle T(W) of W and as E' the 

bundle uv, with the X actions Ox and 0~ already described in [LS]. 

Thus, with notation of Theorem 2 above, Ms is equal to -d, while 

M~ = -C. If we denote by [c- (c')-l]n_q the image of e~_q by the 

morphism 

Z[C~,... , e~_q] --+ 7Z[Cl,... , on] @ 7Z[cl,. �9 �9 , C'q] 

defined as in Lemma 3, then by Corollary to Theorem 2, the integral in 

Theorem 1 is equal to the index I~o(T(W)Iv, uv, [c. (e')-l]n_q, Ox, O'x) 
at an isolated point m0 of the singular set E. (Here we assume that ,  

near m0, X is the restriction of a holomorphic vector field ~2 on a 

neighborhood of m0 in W).  Thus, Theorem 1 will follow from Lemma 

2, if we prove the following Lemma 5. Recall tha t  the topological index 

considered in [GSV] and [SS] coincides with the total  index of a vector 

field obtained from X by per turba t ion  on a smoothing of V. 
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Lemma 5. The index I,~o (TW]v , uv , [c.(c')-l]n_q, Ox , O' x)  coincides with 

the topological index o f /GSV] and [SS/. In particular, if mo is a regular 

point of V, then it is equal to the usual Poincard-Hopf index at mo of 

the vector field X on V. 
To prove the lemma, first let V be a complex manifold of dimension 

p and X or Coo section of T(V) (Coo vector field on V) with singular 

set E. Let E 0 be a union of connected components  of E and I70 an open 

neighborhood of EO in V, not intersecting E - E0. Assume tha t  E0 is 

compact  and let 7" be a compact  real manifold of dimension 21o with 

boundary,  contained in Vo and containing E0 in its interior. Let w~ be 

an arbi t rary connection on T(V)IVo and co" an X-trivial  connection (i.e., 

a connection whose derivation law V satisfies V X  = 0) on T(V)lvo_2o. 

Thus we have the vanishing of the characteristic form A~o,, (cp) on V0-E0. 

We define the (topological) index IndEo (X) of X at E 0 by 

IndEo(X) = ~ Aw;,(ep)+ f o r  Aw~,~o,,(ep). 

Then it is not difficult to show that  this index does not depend on the 

choice of the connection co~ and the X-trivial  connectiqn co". Moreover, 

it is equal to the sum of the (topological) indices of a vector field on 

V obtained by perturbing X near 20 so tha t  it acquires only a finite 

number  of isolated singular points. 

Next we suppose tha t  V is a (possibly) singular subvariety, which 

is an SLCI with a C ~ extension uw of uv, in W and tha t  X is a Coo 

vector field on the regular part  V' of V with singular set E. Recall that  

there is a natural  bundle map rc:T(W)I v --+ uv which is surjective on 

V' with kernel T(V'). Thus we have the exact sequence 

o ~ T ( V ' )  --+ r ( w ) l v ,  --+ uv ,  --+ o. 

Let 20, U0 and T b e  as in Lemma 2 and set V0 = U o N V .  Also, let 

co O and cod be arbi t rary connections on T(W) Iuo and PVtUo, respectively. 

Lett ing co" be an X-trivial  connection on T(Vo-  E0), we take connections 

co on T(W)lw0-~0 and co' on Uv0_~0 so that  (co", co, co') is compatible, on 

Bol. Soc. Bras. Mat., Vol. 26, N. 2, 1995 



1 9 4  DANIEL LEHMANN, MARCIO SOARES a n d  TATSUO SUWA 

V0 - E0, with the above exact sequence. If we write 

[C" (C')-l]n_q---- E (Pi'@~, 
i=0 

then we have the vanishing 
r 

~-} A~(~i) A A~, (~)  = A~,,(cp) -- 0 
i--0 

on V0 - E0. We define the virtual (topological) index v - Ind,0 (X) of 

X at E0 to be equal to 

s ( f  A~o(~J A A%(~:)+ 
i----O 

Then it is not difficult to show that  this index does not depend on 

the choice of the connections c~0, ~ ,  a/', c~, cJ' with the above prop- 

erties. Furthermore, if E 0 is in the regular part of V, then we have 

v - IndE0 (X) = IndZo (X). 

Now we suppose that  X is holomorphic and we choose the connec- 

tions cJ ~, c~ and a / w i t h  the properties above so that ,  in addition, cJ and 

c / a r e  special relative to Ox and 0~, respectively. This is possible since 

Ox leaves the sections of T(V') invariant and 0)c is defined from Ox by 

passing to the quotient. Then we see that 

v -- IndEo (X) = IEo(TWIv, ~, [c. (e')-l]n_q, Ox, O'x). 

To finish the proof of the lemma, let E0 = {m0}, U0 a sufficiently small 

polydisk about  m0 and X a holomorphic vector field on U0 extending 

X.  Also, let V be defined by f :  U0 --+ C q in U0. There is an extension 

#: T(W)lcro ---' ?'VlUo of 7clvo which is surjective away from the critical 

set C/of  f with kernel the bundle T(flvo-C/) of vectors tangent  to the 

fibers of f .  Thus we have the exact sequence 

0 --, T ( f l u o _ C f )  ~ T ( W ) l u o _ C  f --+  'VIuo:Cf - ,  o. 

Let D be a one-dimensional disk about 0 in C q such that Vt = f-l(t) is 

smooth for t in D- {0}. Thus, for t in D-{0}, Vt is in Uo-Cf and 

BoL Soc. Bras. Mat., Vol. 26, N. 2, 1995 



ON THE INDEX OF A HOLOMORPHIC VECTOR FIELD T,~d'4GENT TO,,. 195 

the restrictions T(f[go_cf)[v  t and Pvlv t are, respectively, the tangent  

bundle T(Vt) of Vt and the normal bundle uv t of Vt in U0. Start ing from 

the holomorphic vector field X, we may construct  a C ~ section X '  of 

r ( f ]go-Cf)  (on U0 - Cf) so that  it extends X (restricted to V0 - {m0}) 

and that  the singular set Et of the vector field Xt = X'Ivt on Vt is 

compact  for all t near 0 in D. This is done by choosing a C ~ splitting 

of the above sequence. We denote by E the singular set of X '  so that  Et = 

N Vt. Let ~0 and a:~) be arbi t rary connections on T(W)Iu  o and Pv[u0, 

respectively. Lett ing c~" be an XCtrivial connection on T(f lu0_~),  we 

take connections g: on T(W)I~0_~ and g:' on Pu0-~. so tha t  (cJ',05, d:') 

is compatible, on U0 - E, with the above exact sequence. For each t 

in D, we compute the virtual index v - Ind~t (Xt) using coO, a:~ and the 

restrictions of �9 c), c)' to Vt. Then  v -  Indr, t (Xt) varies continuously on 

t. For ~ ~ 0, this is IndEt (Xt), which is equal to the sum of the Poincar~- 

Hopf indices of a per turbat ion of Xt  and for t = 0, this coincides with 

( r ( W ) l v  , , v  , [c . O x  , O'x).  

This proves the lemma. 

Remark.  If m0 is a regular point of V, then, by Lemma 3, for an 

arbi t rary  polynomial ~ of degree p, Imo ( T W ] v  , ~v , ~, Ox , O'x ) coincides 

with the residue of X for ~ of Baum and Bott  [BB1] and [BB2]. 

4. Examples 
1) Assume q = i, and f to be a quasi-homogeneous function of weight 

(d l , . .  �9 ,d~) from C n into C: this means tha t  X . f  = f (i.e. 9 -= 1), with 

n Z i 0 

X = di Ozi " z  

The formula of Theorem 1 for hypersurfaces becomes therefore 

f~ 

Indv, rao(X ) = 1 + (--i) n-1 H (di- I). 
i:l 

[Notice that the domain /~ of integration with respect to coordinates 
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Zl , . . .  , Zn_ 1 is a covering with dn sheets of the domain 

Iz l : (i  : 1 . . .  i ) :  

this results from the fact tha t  local coordinates have been ehoosen so 

that  ( z l , . . .  , z~_], f )  is a regular sequence.] 

But  X being transversal to the boundary  of the Milnor fiber of f ,  

Indv,~0(X) is also equal to 1 + ( - 1 ) ~ - 1 # ( f ) ,  where # ( f )  denotes the 

Milnor number: we recover the value 
n 

I-I (di -- 1) 
i=1 

of p ( f )  for quasi-homogeneous functions f (cf. [A]). 

2) Assume q = 2, f = (P, Q) to be given by homogeneous polynomials 

P and Q of respective degrees k, l, and take for X the vector field 

0 
H= E zi 

i = l  Ozi 

of infinitesimal homotheties: ),i = 1 for any i = 1 . . .  , n, while Pl  = k 

and P2 = 1. The basis of C n being choosen so that  ( z l , . . .  , zn 2, P, Q) 

is a regular sequence, the domain R of integration with respect to coor- 

dinates z l , . . .  , z~_2 is a covering with kl sheets of the domain [zil = e, 

(i = 1 . . .  , n - 2). We get therefore: 

n-2 ( n ) ]r lJ+l 
Indv, mo(H ) : kl E (--1)J n --2 -- j  k l 

j=O 

Of course, we recover the value 1 in the regular case h = 1 = 1. 

3) In the si tuation of example 2, for n = 4, the previous formula 

gives 

kl(6 - 4(k + l) + (k 2 + kl +/2)). 

If, instead of the residue of c2, we take the residue of (Cl) 2, we get: 

k/(16 - 6(k + l) + (k 2 + kl +/2)). 

4) Take W = PC(3)  (the point of homogeneous coordinates X,  Y, 

Z, T will be denoted IX, Y, Z, T]). Let V the complex quadrat ic  cone of 
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equation X 2 - Y Z  = 0. Let ~ be a complex parameter,  and 

0 o 
X,~ = / ~ x  + y~y.y + (2~ - 1 ) Z ~ z  z 

the vector field in the affine open set T r 0, with coordinates 

X Y Z 

X = ~ - ~ y =  ~ , Z - -  T "  

Notice that  the point [1, 0, 0, 0] in the plane T = 0 does not belong to V, 

so that ,  near T = 0, it is enough to calculate in the affine spaces Z r 0 

with coordinates  
x~ X y~ Y t~ T 

= 2 '  =2 '  
and Y r 0 with coordinates 

x" X z" Z t" T = ~ ,  = ~ ,  - y ,  

where Xx may be wri t ten respectively 

0 0 0 (1- A)x'~  + 2(1- A)y'~.~/+ (1 2A)~ / 
Or" 

a n d  
0 t,, 0 

(.X - 1 ) x "  + 2 ( ) ,  - 1 ) z "  Oz" Or"' 

and may be extended near the points of V at infinity. For ), r 0, I, 

i, the vector field X~ has, on V, 3 singular points which are isolated: 

ml = [0, 0, 0, i], m2 = [0, 0, I, 0] and m 3 = [0, i, 0, 0]. Using theorem i, we 

get: 

Indv, ml (X),) = 2, Indv, m2 (X~) = 1, and Indv, m a (X~) = 1. 

If we use now Theorem 2 for 

e~ (T (PC(3 )  )Iv - ~'v) = (cl ( r ( P C ( 3 )  )lv - Cl(uV)) 2, 

we get the (now not necessarily integral) residues 

z  (r(w)lv, . v ,  (cl - el) 2, ox,  o'x), 

respectively equal to 

2/~ 2 (3/~ -- 2) 2 and (/~ - 2)2 for oz = I, 2, 3. 
2A --  i' (2A - -  I)(A --  I)' /k --  1 
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Remark.  If/~ --+ V denotes the restriction to V of the tautological line 

bundle in hyperplanes on PC(3) ,  then the restriction of T ( P C ( 3 ) )  to V 

is s tably equivalent to 4]~, while the norms1 bundle uy is equal to L | 

since V has degree 2. Hence, the virtual tangent  bundle to V is s tably 

equivalent to 4L - L | Writing 7 = c1(]-), one gets the total  Chern 

class 

c ( V )  = c ( 4 / ~ - L  |  ( 1 + 7 )  4 ' 

and c2(V) = 2~72: since (7 2,[V]} = 2 (the degree of V), we recover: 

(c2(V), [V]} = 4 = 2 + 1 + 1, while 

2A 2 (3A - 2) 2 (A - 2) 2 
IV ] )  = 8 - + 

2 ) ,  - 1 ( 2 ) ,  - ] ) ( A  - ~ )  A - 1 

(in particular, the sum of these residues is an integer, while in general 

none of them is). 

This example has also been studied localiy near ml  in [BG], for 

showing the upper  semicontinuity at A = 0 of the multiplicity of Xx on 

V at ml .  

References 

[A] V. I. Arnold: Normal forms of functions in the neighbourhood of degenerate 
critical points, Russian Mathematical Surveys, 29 :2  (1974), 10 50. 

�9 [B1] R. Bott: Vector fields and characteristic numbers, Michigan Math. J. 14~ (1967), 
231-244. 

[B2] R. Bott: A residue formula for holomorphic vector fields, J. of Differential Ge- 
ometry, 1, (1967), 311-330. 

[B3] R. Bott: Lectures on characteristic classes and foliations, Springer Lecture Notes, 
279, (1972). 

[BB1] P. Baum and R. Bott: On the zeroes of holomorphie vector fields, Essays on 
Topology and related topics (M~moires d6di~s k Georges de Rhana), Springer 
(1970), 29-47. 

[BB2] P. Baum and R. Bott: Singularities of holomorphie foliations, J. of Differential 
Geometry, 7, (1982), 279-342. 

[BG] C. Bonatti and X. Gomez-Mont: The Index of holomorphic vector fields on 
singular varieties I~ Ast6risque: 222, (1994). 

[G] X. Gomez-Mont: An algebraic formula for the index of a vector field on a variety 
with an isolated singularity, preprint. 

Bol. Soc. Bras. Mat., Vol. 26, N. 2, 1995 



ON THE INDEX OF A HOLOMORPHIC VECTOR FIELD TANGENT TO... 199 

[GSV] X. Gomez-Mont, J. Seade and A. Verjovsky: The index of a holomorphic flow 
with an isolated singularity, Math. Ann., 291, (1991), 737-751. 

[KT] F. Kamber and P. Tondeur: Foliated Bundles and Characteristic Classes, Lec- 
ture Notes in Mathematics, 493, Springer-Verlag, New York, Heidelberg, Berlin, 
1975. 

[L] D. Lehmann: Rdsidus des sous varidtds invariantes d'un feuilletage singulier, Ann. 
Inst. Fourier: 41, (1991), 211-258. 

[LS] D. Lehmann and T. Suwa: Residues of holomorphic vector" fields relative to 
singular invariant subvarieLies, to appear in a. of Differential Geometry. 

[SS] J. Seade and T. Suwa: A residue formula for the index of a holomorphic flow, 
to appear in Math. Ann. 

D a n i e l  L e h m a n n  
GETODIM, CNRS, UA 1407 
Universit6 de Montpellier II 
34095 Montpellier cedex, France 
lehmann@math.univ.montp2.fr 
fax (33) 67543079 

M a r c i o  Soares  
Departamento de Matemfitica 
UFMG, Belo Horizonte 
31270-901 Brasil 
msoares@mat.ufmg.br 
fax (55) 314485968 

T a t s u o  Suwa 
Department of  Mathematics 
Hokkaido Universit 3, 
Sapporo 060,Japan 
suwa@math.hokudai.ac.jp 
fax (81) 117273705 

BoL Soc. Bras Mat,, VoL 26, N. 2, 1995 


